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EXAMPLES OF QUASITORIC MANIFOLDS AS SPECIAL
UNITARY MANIFOLDS
ZHI LU¨ AND WEI WANG
Abstract. This note shows that for each n ≥ 5 with only n 6= 6, there exists a 2n-
dimensional specially omnioriented quasitoric manifold M2n which represents a nonzero
element in ΩU
∗
. This provides the counterexamples of Buchstaber–Panov–Ray conjecture.
1. Introduction
Let ΩU
∗
denote the ring formed by the unitary bordism classes of all unitary manifolds,
where a unitary manifold is an oriented closed smooth manifold whose tangent bundle
admits a stably complex structure. In [6], Davis and Januszkiewicz introduced and stud-
ied a class of nicely behaved manifolds M2n, the so-called quasitoric manifolds (as the
topological versions of toric varieties), each of which admits a locally standard T n-action
such that the orbit space of the action is homeomorphic to a simple convex polytope.
Buchstaber, Panov and Ray showed in [3] that each quasitoric manifold with an omniori-
entation always admits a compatible tangential stably complex structure, so omnioriented
quasitoric manifolds provide abundant examples of unitary manifolds. In particular, they
also showed there that each class of ΩU2n contains an omnioriented quasitoric 2n-manifold
as its representative (see also [4]). In addition, Buchstaber, Panov and Ray in [2] in-
vestigated the property of specially omnioriented quasitoric manifolds, and proved that
if n < 5, then each 2n-dimensional specially omnioriented quasitoric manifold represents
the zero element in ΩU2n, where the word “specially” for a specially omnioriented quasitoric
manifold means that the first Chern class vanishes. Furthermore, they posed the following
conjecture.
Conjecture (⋆):Let M2n be a specially omnioriented quasitoric manifold. Then M2n
represents the zero element in ΩU2n.
The purpose of this note is to construct some examples of specially omnioriented qua-
sitoric manifolds that are not bordant to zero in ΩU
∗
, which give the negative answer to
the above conjecture in almost all possible dimensional cases. Our main result is stated
as follows.
Theorem 1.1. For each n ≥ 5 with only n 6= 6, there exists a 2n-dimensional specially
omnioriented quasitoric manifold M2n which represents a nonzero element in ΩU
∗
.
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Our strategy is related to the unoriented bordism theory. Milnor’s work tells us in [9]
(see also [10]) that there is an epimorphism
F∗ : Ω
U
∗
−−−→ N2
∗
here N∗ denotes the ring produced by the unoriented bordism classes of all smooth closed
manifolds, which was studied clearly by Rene´ Thom [12], and N2
∗
= {α2|α ∈ N∗}. This
actually implies that there is a covering homomorphism
Hn : Ω
U
2n −−−→ Nn
which is induced by θn ◦ Fn, where θn : N
2
n −→ Nn is defined by mapping α
2 7−→ α.
One sees that θn is well-defined because N is a Z2-polynomial ring with generators in
dimensions d ∈ Z>0 for all d 6= 2
s − 1, which is an integral domain, and is the inverse of
the Frobenius map N −→ N2 ⊂ N given by α −→ α2. On the other hand, Buchstaber
and Ray tell us in [4] that each class of Nn contains an n-dimensional small cover as its
representative, where a small cover is also introduced by Davis and Januszkiewicz in [6],
and it is the real analogue of a quasitoric manifold. In addition, Davis and Januszkiewicz
tell us in [6] that each quasitoric manifold M2n over a simple convex polytope P n always
admits a natural conjugation involution τ whose fixed point set M τ is just a small cover
over P n. In particular, this conjugation involution τ is independent of the choices of
omniorientations on M2n, and by [6, Corollaries 6.7–6.8], one has that the mod 2 reduc-
tions of all Chern numbers of M2n with an omniorientation determine all Stiefel–Whitney
numbers of M τ , and in particular, {M2n} = {M τ}2 as unoriented bordism classes in N∗.
Thus, τ induces a homomorphism φτn : Ω
U
2n −→ Nn, which exactly agrees with the above
homomorphism Hn : Ω
U
2n −→ Nn.
With the above understood, to obtain the counterexamples of Buchstaber–Panov–Ray
conjecture, an approach is to construct the examples of specially omnioriented quasitoric
manifolds whose images under φτ are nonzero in N∗. We shall see that Stong manifolds
play an important role in our argument.
This note is organized as follows. We shall review the notions and basic properties of qu-
asitoric manifolds and small covers, and state the related result of Buchstaber–Panov–Ray
on specially omnioriented quasitoric manifolds in Section 2. We shall review the Stong’s
work on Stong manifolds and construct some nonbounding orientable Stong manifolds
in Section 3. In addition, we also calculate the characteristic matrices of Stong mani-
folds there. In Section 4 we shall construct required examples of omnioriented quasitoric
manifolds as special unitary manifolds and complete the proof of our main result.
2. Quasitoric manifolds and small covers
Davis and Januszkiewicz in [6] introduced and studied two kinds of equivariant manifolds–
quasitoric manifolds and small covers, whose geometric and algebraic topology has a
strong link to the combinatorics of polytopes. Following [6], let
Gnd =
{
(Z2)
n if d = 1
T n if d = 2
and Rd =
{
Z2 if d = 1
Z if d = 2.
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A Gnd -manifold πd : M
dn −→ P n (d = 1, 2) is a smooth closed (dn)-dimensional Gnd -
manifold admitting a locally standard Gnd -action such that its orbit space is a simple
convex n-polytope P n. Such a Gnd -manifold is called a small cover if d = 1 and a quasitoric
manifold if d = 2.
For a simple convex polytope P n, let F(P n) denote the set of all facets (i.e., (n − 1)-
dimensional faces) of P n. We know from [6] that each Gnd-manifold πd : M
dn −→ P n
determines a characteristic function λd on P
n
λd : F(P
n) −→ Rnd
defined by mapping each facet in F(P n) to nonzero elements of Rnd such that n facets
meeting at each vertex are mapped to a basis of Rnd . Conversely, the pair (P
n, λd) can be
used to reconstruct Mdn as follows: first λd gives the following equivalence relation ∼λd
on P n ×Gnd
(2.1) (x, g) ∼λd (y, h)⇐⇒
{
x = y, g = h if x ∈ int(P n)
x = y, g−1h ∈ GF if x ∈ intF ⊂ ∂P
n
then the quotient space P n × Gnd/ ∼λd , denoted by M(P
n, λd), is the reconstruction of
Mdn, where GF is explained as follows: for each point x ∈ ∂P
n, there exists a unique face
F of P n such that x is in its relative interior. If dimF = k, then there are n − k facets,
say Fi1 , ..., Fin−k , such that F = Fi1 ∩ · · · ∩ Fin−k , and furthermore, λd(Fi1), ..., λd(Fin−k)
determine a subgroup of rank n − k in Gnd , denoted by GF . This reconstruction of M
dn
tells us that the topology of πd :M
dn −→ P n can be determined by (P n, λd).
Remark 1. If we fix an ordering for all facets in F(P ) (e.g., say F1, ..., Fm) , then the
characteristic function λd : F(P
n) −→ Rnd uniquely determines a matrix of size n × m
over Rd
Λd = (λd(F1), · · · , λd(Fm))
with λd(Fi) as columns, which is called the characteristic matrix of (P
n, λd) orM(P
n, λd).
We may see from this reconstruction of Gnd-manifolds that there is also an essential
relation between small covers and quasitoric manifolds over a simple polytope. In fact,
given a quasitoric manifold M(P n, λ2) over P
n, as shown in [6, Corollary 1.9], there is
a natural conjugation involution on P n × T n defined by (p, g) 7−→ (p, g−1), which fixes
P n×(Z2)
n. Then this involution descends an involution τ onM(P n, λ2) whose fixed point
set is exactly a small cover M(P n, λ1) over P
n, where λ1 is the mod 2 reduction of λ2.
An omniorientation of a quasitoric manifold π : M(P n, λ2) −→ P
n is, by definition
in [3], just one choice of orientations of M(P n, λ2) and submanifolds π
−1(F ), F ∈ F(P n).
Thus, a quasitoric manifold π : M(P n, λ2) −→ P
n has 2m+1 omniorientations, where m
is the number of all facets of P n. Clearly, the conjugation involution τ on M(P n, λ2)
is independent of the choices of omniorientations of M(P n, λ2). Now let O(M(P
n, λ2))
denote the set of all 2m+1 omniorientations. Buchstaber, Panov and Ray showed in
[3] (also see [2]) that for each omniorientation o ∈ O(M(P n, λ2)), M(P
n, λ2) with this
omniorientation o always admits a tangential stably complex structure, so it is a unitary
manifold. In [2], Buchstaber, Panov and Ray gave a characterization for M(P n, λ2) with
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o ∈ O(M(P n, λ2)) to be a special unitary manifold in terms of λ2, which is stated as
follows.
Proposition 2.1 ([2]). Let M(P n, λ2) be a quasitoric manifold. Then M(P
n, λ2) with
an omniorientation o ∈ O(M(P n, λ2)) is a special unitary manifold if and only if there
exists a matrix σ in GLn(Z) such that for each facet F ∈ F(P
n), the sum of all entries
of σ ◦ λ2(F ) is exactly 1.
3. Stong manifolds
3.1. Stong manifolds. In [11], Stong introduced the Stong manifolds, from which all
generators of the unoriented bordism ring N∗ can be chosen. A Stong manifold is defined
as the real projective space bundle denoted by RP (n1, ..., nk) of the bundle γ1 ⊕ · · · ⊕ γk
over RP n1 × · · · × RP nk , where γi is the pullback of the canonical bundle over the i-th
factor RP ni. The Stong manifold RP (n1, ..., nk) has dimension n1 + · · ·+ nk + k − 1.
As shown in [11], the cohomology with Z2 coefficients of RP (n1, ..., nk) is the free
module over the cohomology of RP n1 × · · · × RP nk on 1, e, ..., ek−1, where e is the first
Stiefel-Whitney class of the canonical line bundle over RP (n1, ..., nk), with the relation
ek = w1e
k−1 + · · ·+ wre
k−r + · · ·+ wk
where wi is the i-th Stiefel-Whitney class of γ1⊕· · ·⊕ γk. Then the total Stiefel-Whitney
class of RP (n1, ..., nk) is
(3.1)
k∏
i=1
(1 + ai)
ni+1(1 + ai + e)
where ai is the pullback of the nonzero class in H
1(RP ni;Z2).
Remark 2. In fact, it is easy to see that the total Stiefel-Whitney class of γ1 ⊕ · · · ⊕ γk is
exactly
w(γ1 ⊕ · · · ⊕ γk) =
k∏
i=1
(1 + ai).
So the cohomology with Z2 coefficients of RP (n1, ..., nk) may be written as
Z2[a1, ..., ak, e]/A
where A is the ideal generated by an1+11 , ..., a
nk+1
k , and
∏k
i=1(ai + e).
Stong further showed in [11] that
Proposition 3.1 ([11]). For k > 1, RP (n1, ..., nk) is indecomposable in N∗ if and only if(
m+ k − 2
n1
)
+ · · ·+
(
m+ k − 2
nk
)
≡ 1 mod 2
where m = n1 + · · ·+ nk.
Note that generally, an indecomposable element in N∗ means that it is not a sum of
products of elements of positive degree (see [11]).
It is not difficult to see from the expression (3.1) of the total Stiefel-Whitney class of
RP (n1, ..., nk) that
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Corollary 3.2. For k > 1, RP (n1, ..., nk) is orientable if and only if k and all ni are
even.
By Proposition 3.1 and Corollary 3.2, we may choose the following examples of inde-
composable, orientable Stong manifolds. For l ≥ 0, RP (2, 0, ..., 0︸ ︷︷ ︸
4l+3
) and RP (4, 2, 0, ..., 0︸ ︷︷ ︸
8l+4
)
are indecomposable and orientable, so they represent nonzero elements in N∗. Let α4l+5
and α8l+11 denote the unoriented bordism classes of RP (2, 0, ..., 0︸ ︷︷ ︸
4l+3
) and RP (4, 2, 0, ..., 0︸ ︷︷ ︸
8l+4
),
respectively. Then we have that
Lemma 3.3. All α4l+5 and α8l+11 with l ≥ 0 form a polynomial subring
Z2[α4l+5, α8l+11|l ≥ 0]
of N∗, which contains nonzero classes of dimension 6= 1, 2, 3, 4, 6, 7, 8, 12.
Proof. Because α4l+5 and α8l+11 are indecomposable in N∗, any non-trivial polynomial in
α4l+5 and α8l+11 is nonzero in N∗. 
3.2. Characteristic matrices of Stong manifolds. We see that RP (n1, ..., nk) is a
RP k−1-bundle over RP n1 × · · · × RP nk , so it is a special generalized real Bott manifold,
and in particular, it is also a small cover over ∆n1 × · · · ×∆nk ×∆k−1, where ∆l denotes
an l-dimensional simplex.
Remark 3. A generalized real Bott manifold is the total space BRk+1 of an iterated fiber
bundle:
BRk+1
pik+1
−−−→ BRk
pik−−−→ · · ·
pi2−−−→ BR1
pi1−−−→ BR0 = {a point}
where each πi : B
R
i −→ B
R
i−1 is the projectivization of a Whitney sum of ni + 1 real line
bundles over BRi . It is well-known that the generalized real Bott manifold B
R
k+1 is a small
cover over ∆n1 × · · · ×∆nk+1 . Conversely, we also know from [5] that a small cover over
a product of simplices is a generalized real Bott manifold.
Now let us look at the characteristic matrix of RP (n1, ..., nk) as a small cover over the
product P = ∆n1 × · · · ×∆nk ×∆k−1 with k > 1 and n1 ≥ n2 ≥ · · · ≥ nk > 0. Clearly P
has n1 + · · ·+ nk + 2k facets, which are listed as follows:
Fni,j = ∆
n1 × · · · ×∆ni−1 ×∆
(ni)
j ×∆
ni+1 × · · · ×∆nk ×∆k−1, 1 ≤ j ≤ ni + 1, 1 ≤ i ≤ k
and
Fk−1,j = ∆
n1 × · · · ×∆nk ×∆
(k−1)
j , 1 ≤ j ≤ k
where ∆
(l)
j , j = 1, ..., l + 1, denote l + 1 facets of ∆
l.
Throughout the following, we shall carry out our work on a fixed ordering of all facets
of P = ∆n1 × · · · ×∆nk ×∆k−1 as follows:
Fn1,1, ..., Fn1,n1+1, ..., Fnk,1, ..., Fnk,nk+1, Fk−1,1, ..., Fk−1,k.
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Proposition 3.4. Up to automorphisms of (Z2)
n1+···+nk+k−1, the characteristic matrix
Λ
(n1,...,nk)
1 of RP (n1, ..., nk) may be written as
In1 1n1
. . .
Ink−1 1nk−1
Ink 1nk
J1 · · · Jk−1 1k−1 Ik−1 1k−1

with only blocks Ii, 1i (i = n1, ..., nk, k − 1) and Jj(j = 1, ..., k − 1) being nonzero, and 0
otherwise, where Ii denotes the identity matrix of size i× i, Jj denotes the matrix of size
(k − 1) × 1 with only (j, 1)-entry being 1 and 0 otherwise, and 1i denotes the matrix of
size i× 1 with all entries being 1.
Proof. Without the loss of generality, assume that the values of the characteristic function
λ
(n1,...,nk)
1 on the following n1 + · · ·+ nk + k − 1 facets
Fn1,1, ..., Fn1,n1, ..., Fnk,1, ..., Fnk,nk , Fk−1,1, ..., Fk−1,k−1
meeting at a vertex are all columns with an ordering from the first column to the last
column in In1+···+nk+k−1, respectively. It suffices to determine the values of λ
(n1,...,nk)
1 on
the k+1 facets Fn1,n1+1, Fn2,n2+1, ..., Fnk,nk+1, Fk−1,k. By [8, Lemma 6.2], we have that for
1 ≤ i ≤ k
λ
(n1,...,nk)
1 (Fni,ni+1) =
ni∑
j=1
λ
(n1,...,nk)
1 (Fni,j) + βi
and
λ
(n1,...,nk)
1 (Fk−1,k) =
k−1∑
j=1
λ
(n1,...,nk)
1 (Fk−1,j) + βk+1
such that those entries from (n1+ · · ·+ni−1+1)-th to (n1+ · · ·+ni)-th of βi are all zero,
and those entries from (n1 + · · ·+ nk + 1)-th to (n1 + · · ·+ nk + k − 1)-th of βk+1 are all
zero. In particular, we also know by [8, Lemma 6.3] that there is at least one βi such that
βi = 0 in (Z2)
n1+···+nk+k−1.
Now by [6, Theorem 4.14], we may write H∗(RP (n1, ..., nk);Z2) as
Z2[Fn1,1, ..., Fn1,n1+1, ..., Fnk,1, ..., Fnk,nk+1, Fk−1,1, ..., Fk−1,k]/IP + Jλ(n1,...,nk)1
where the Fi,j are used as indeterminants of degree 1, IP is the Stanley-Reisner ideal gen-
erated by
∏ni+1
j=1 Fni,j(i = 1, ..., k) and
∏k
i=1 Fk−1,i, and Jλ(n1,...,nk)1
is the ideal determined
by λ
(n1,...,nk)
1 . Furthermore, we have by [6, Corollary 6.8] that the total Stiefel-Whitney
class of RP (n1, ..., nk) is
k∏
i=1
( ni+1∏
j=1
(1 + Fni,j)
)
(1 + Fk−1,i).
Comparing with the formula (3.1) or by Remark 2, we see that for each 1 ≤ i ≤ k,
(3.2) Fni,1 = · · · = Fni,ni+1 (denoted by ai)
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so ani+1i =
∏ni+1
j=1 Fni,j = 0. Then we obtain from all equations in (3.2) that the charac-
teristic matrix Λ
(n1,...,nk)
1 corresponding to λ
(n1,...,nk)
1 is of the form
In1 1n1
. . .
Ink−1 1nk−1
Ink 1nk
B1 · · · Bk−1 Bk Ik−1 1k−1

where all blocks except for Ii, 1i (i = n1, ..., nk, k − 1) and Bj(j = 1, ..., k) are zero. This
implies that βk+1 must be the zero element, and for 1 ≤ i ≤ k, each βi is of the form
( 0, ..., 0︸ ︷︷ ︸
n1+···+nk
, βi,1, ..., βi,k−1)
⊤
in (Z2)
n1+···+nk+k−1. Moreover, one has that
(3.3)

Fk−1,1 = Fk−1,k + β1,1Fn1,n1+1 + · · ·+ βk,1Fnk,nk+1
· · ·
Fk−1,k−1 = Fk−1,k + β1,k−1Fn1,n1+1 + · · ·+ βk,k−1Fnk,nk+1
Comparing with the formula (3.1) again, one should have that
k∏
i=1
(1 + Fk−1,i) =
k∏
i=1
(1 + ai + e) =
k∏
i=1
(1 + Fni,ni+1 + e).
Without the loss of generality, assume that 1 + Fk−1,i = 1 + Fni,ni+1 + e for 1 ≤ i ≤ k.
Then for i = k, one has that e = Fk−1,k + Fnk,nk+1, and for 1 ≤ i < k, one has by (3.3)
that
β1,iFn1,n1+1 + · · ·+ βk,iFnk,nk+1 = Fni,ni+1 + Fnk,nk+1
so βi,i = βk,i = 1 and βj,i = 0 if j 6= i, k since Fn1,n1+1, ..., Fnk,nk+1 are linearly independent
in H1(RP (n1, ..., nk);Z2). This completes the proof. 
If there is a minimal integer i with 1 ≤ i < k such that ni > 0 but ni+1 = 0 (so nj = 0
for j ≥ i+ 1), then a similar argument as above gives
Proposition 3.5. Suppose that there is some i with 1 ≤ i < k such that n1 ≥ · · · ≥ ni > 0
and ni+1 = · · · = nk = 0. Up to automorphisms of (Z2)
n1+···+ni+k−1, the characteristic
matrix Λ
(n1,...,ni,0,...,0)
1 of RP (n1, ..., ni, 0, ..., 0) may be written as
In1 1n1
. . .
Ini 1ni
J1 · · · Ji Ik−1 1k−1

with only blocks Ij, 1j (j = n1, ..., ni, k − 1) and Jl(l = 1, ..., i) being nonzero, and 0
otherwise, where Ij, Jl and 1j represent the same meanings as stated in Proposition 3.4.
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4. Proof of Main Result
4.1. Examples of specially omnioriented quasitoric manifolds. Throughout the
following, for a k-dimensional simplex ∆k, ∆
(k)
i , i = 1, ..., k + 1 mean the k + 1 facets
of ∆k, and for a product P = ∆k1 × · · · × ∆kr of simplices, Fki,j means that the facet
∆k1 × · · · ×∆ki−1 ×∆
(ki)
j ×∆
ki+1 × · · · ×∆kr of P . Then let us construct some required
examples.
Example 4.1. Let P 4l+5 = ∆2 × ∆4l+3 with l ≥ 0. Define a characteristic function
λ
(2,0,...,0)
2 on P
4l+5 in the following way. First let us fix an ordering of all facets of P 4l+5
as follows
F2,1, F2,2, F2,3, F4l+3,1, ..., F4l+3,4l+3, F4l+3,4l+4.
Then we construct the characteristic matrix Λ
(2,0,...,0)
2 of the required characteristic func-
tion λ
(2,0,...,0)
2 on the above ordered facets as follows:
Λ
(2,0,...,0)
2 =
(
I2 1˜2
J1 I4l+3 1˜4l+3
)
with only blocks Ij, 1˜j (j = 2, 4l + 3) and J1 being nonzero, and 0 otherwise, where Ij
and J1 denote the same meanings as in Proposition 3.4, and 1˜j denotes the matrix of size
j × 1 with (i, 1)-entries for all even i being −1 and other entries being 1. We see that
the sum of all entries of each column in the characteristic matrix Λ
(2,0,...,0)
2 is always 1.
Thus, by Proposition 2.1, one has that the quasitoric manifold M(P 4l+5, λ
(2,0,...,0)
2 ) with
the given omniorientation is a special unitary manifold.
Example 4.2. Let P 8l+11 = ∆4 ×∆2 ×∆8l+5 with l ≥ 0. In a similar way as above, fix
an ordering of all facets of P 8l+11 as follows:
F4,1, F4,2, F4,3, F4,4, F4,5, F2,1, F2,2, F2,3, F8l+5,1, ..., F8l+5,8l+5, F8l+5,8l+6.
Then we define a characteristic function λ
(4,2,0,...,0)
2 on the above ordered facets of P
8l+11
by the following characteristic matrix
Λ
(4,2,0,...,0)
2 =
 I4 1˜4 I2 1˜2
J1 J2 I8l+5 1˜8l+5

with only blocks Ii, 1˜i (i = 2, 4, 8l + 5) and Jj(j = 1, 2) being nonzero, and 0 oth-
erwise, where Ii, Jj and 1˜i denote the same meanings as above. By Proposition 2.1,
M(P 8l+11, λ
(4,2,0,...,0)
2 ) with the given omniorientation is a special unitary manifold.
Example 4.3. The case in which n = 7. Consider the polytope P 7 = ∆4 ×∆3 with the
following ordered facets
F4,1, F4,2, F4,3, F4,4, F4,5, F3,1, F3,2, F3,3, F3,4.
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Then we may define a characteristic function λ<7>2 on the ordered facets of P
7 by the
following characteristic matrix
1 1
1 −1
1 1
1 −1
1 1 1
1 −1
1 1

,
which gives a special unitary manifoldM(P 7, λ<7>2 ). Moreover, by the Davis–Januszkiewicz
theory, we may read off the cohomology of M(P 7, λ<7>2 ) as follows:
H∗(M(P 7, λ<7>2 )) = Z[x, y]/ < x
5, y4 + xy3 >
with deg x = deg y = 2, and by [6, Theorem 4.8] and [2], the total Chern class of
M(P 7, λ<7>2 ) may be written as
c(M(P 7, λ<7>2 )) = (1− x
2)2(1 + x)(1− x− y)(1− y2)(1 + y).
A direct calculation gives the Chern number 〈c3c4, [M(P
7, λ<7>2 )]〉 = −2 6= 0, which
implies that this specially omnioriented quasitoric manifold M(P 7, λ<7>2 ) is not bordant
to zero in ΩU
∗
.
Example 4.4. The case in which n = 8. Consider the polytope P 8 = ∆3 ×∆5 with the
ordered facets as follows:
F3,1, F3,2, F3,3, F3,4, F5,1, F5,2, F5,3, F5,4, F5,5, F5,6.
Then we may define a characteristic function λ<8>2 on the ordered facets of P
8 by
1 1
1 −1
1 1
−1 1 1
1 1 −1
1 1
1 −1
1 1

,
which also gives a special unitary manifold M(P 8, λ<8>2 ). Similarly, one has the cohomol-
ogy of M(P 8, λ<8>2 )
H∗(M(P 8, λ<8>2 )) = Z[x, y]/ < x
4, y4(x− y)2 >
with deg x = deg y = 2, and the total Chern class of M(P 8, λ<8>2 )
c(M(P 8, λ<8>2 )) = (1− x
2)2(1− y2)2[1− (x− y)2].
Furthermore, one has the Chern number 〈c24, [M(P
8, λ<8>2 )]〉 = 4 6= 0. So M(P
8, λ<8>2 ) is
not bordant to zero in ΩU
∗
.
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Example 4.5. The case in which n = 12. Consider the polytope P 12 = ∆3 × ∆9 with
the ordered facets as follows:
F3,1, F3,2, F3,3, F3,4, F9,1, F9,2, F9,3, F9,4, F9,5, F9,6, F9,7, F9,8, F9,9, F9,10,
and define a characteristic function λ<12>2 on the ordered facets of P
12 by the matrix
1 1
1 −1
1 1
−1 1 1
1 1 −1
1 1
1 −1
1 1
1 −1
1 1
1 −1
1 1

,
from which one obtains a special unitary manifold M(P 12, λ<12>2 ) with its cohomology
H∗(M(P 12, λ<12>2 )) = Z[x, y]/ < x
4, y8(x− y)2 > with deg x = deg y = 2
and with its total Chern class
c(M(P 12, λ<12>2 )) = (1− x
2)2(1− y2)4[1− (x− y)2].
Then one has that the 6-th Chern class c6 = −10y
6 + 12xy5 − 26x2y4 + 16x3y3, so the
Chern number 〈c26, [M(P
12, λ<12>2 )]〉 = 64 6= 0. Thus M(P
12, λ<12>2 ) is not bordant to zero
in ΩU
∗
.
4.2. Proof of Theorem 1.1. Obviously, the mod 2 reductions of the characteristic ma-
trices Λ
(2,0,...,0)
2 and Λ
(4,2,0,...,0)
2 of M(P
4l+5, λ
(2,0,...,0)
2 ) and M(P
8l+11, λ
(4,2,0,...,0)
2 ) are(
I2 12
J1 I4l+3 14l+3
)
and  I4 14 I2 12
J1 J2 I8l+5 18l+5

respectively. Thus, by Proposition 3.5, one has that the fixed point sets of the con-
jugation involutions on M(P 4l+5, λ
(2,0,...,0)
2 ) and M(P
8l+11, λ
(4,2,0,...,0)
2 ) are homeomorphic
to the Stong manifolds RP (2, 0, ..., 0︸ ︷︷ ︸
4l+3
) and RP (4, 2, 0, ..., 0︸ ︷︷ ︸
8l+4
), respectively. Thus, the sub-
ring of ΩU
∗
generated by the unitary bordism classes β8l+10, β16l+22 of M(P
4l+5, λ
(2,0,...,0)
2 )
and M(P 8l+11, λ
(4,2,0,...,0)
2 ) is mapped onto the subring Z2[α4l+5, α8l+11|l ≥ 0] of N∗ in
Lemma 3.3 via H∗ : Ω
U
∗
−→ N∗. This means that any non-trivial polynomial in β8l+10
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and β16l+22 is nonzero in Ω
U
∗
since its image under H∗ is nonzero by Lemma 3.3, so we ob-
tain the examples of non-bounding specially omnioriented quasitoric (2n)-manifolds with
n 6= 1, 2, 3, 4, 6, 7, 8, 12.
For n = 7, 8, 12, Examples 4.3–4.5 directly provide three non-bounding specially om-
nioriented quasitoric manifolds. This completes the proof of Theorem 1.1. 
Remark 4. A counterexample in the case n = 6 was recently discovered from a joint
work [7] of the first author with Taras Panov, concerning the toric generators in the
unitary and special unitary bordism rings.
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